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1. Outline 
An aspherical group Q is a discrete group which admits an aspherical presentation 
(X; R), i.e. a presentation whose (2-dimensional) Cayley complex C(X; R) is 
aspherical in the combinatorial sense [13; III. 10, p. 1.561; here the relators r E R are 
assumed to be cyclically reduced. We emphasize that in general the asphericity of 
C(X; R) does not imply asphericity in the topological sense: C(X; R) is an 
aspherical CW-complex if and only if C(X; R) is aspherical as Cayley complex and 
if, moreover, Q is torsion free. Important classes of groups are aspherical, for 
example (note that the various classes which follow are not necessarily mutually 
disjoint) small cancellation groups (see Section 2 below), in particular almost all 
Fuchsian groups, one-relator groups or more generally groups with “staggered” 
presentations [13; III.1 1, p, 1611, groups of geometric dimension 2 (e.g. knot 
groups), groups with presentations (X; R) such that the normal closure of the 
relators in the free group generated by the elements of X has a basis consisting of 
conjugates of elements of R where the conjugating elements are taken from certain 
full left transversals [13; 111.10, p. 1601; the last property is enjoyed by almost all 
Fuchsian groups [23; V.4, p. 1051. 
The computation of the cohomology of an aspherical group relies heavily on the 
fact that, given an aspherical presentation of a group Q, the so-called identity 
problem has a simple solution. Roughly speaking, the identity problem is that of 
determining the Q-module structure of the commutator factor group Nab = 
N/[N, N], henceforth called relation module, where N is the normal closure of the 
relators r E R in the free group F generated by the x E X. Of course this is not the 
original formulation, namely that of determining all identities among the relators 
r E R [9, 17, 181 (see also Section 2 below). But it is shown in [17] and [18] that, 
modulo certain identities which are always present, the original identity problem 
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reduces to that of determining the structure of the relation module (cf. also Theorem 
1 below). 
In the case of a group Q with a single defining relation Lyndon [9] solved the 
identity problem; he showed indeed that Q is aspherical, and deduced formulas for 
its cohomology groups with coefficients in any Q-module A (cf. also [13; 111.11, p. 
1611). In [13] the identity problem is solved for any aspherical group (111.10, 
Proposition 10.2). In fact, for any relator r E R there is a maximal integer q, such that 
r = z?, and the root z, of r is a unique element of F. Now the following holds (we 
denote by u’ the image of u E F in Q): 
ldentity Theorem. If Q = (X; R) is aspherical and no element of R is conjugate to 
another or to its inverse, then the relation module Nab decomposes as a direct sum of 
cyclic submodules N,, where Nris generated by the coset f = r[N, N] subject to the single 
relation .Sr ’ f = F, i.e. N, = H[ Q/C,], where C, is the cyclic subgroup of Q generated by 
We shall show in Section 2 below that, in the situation of this theorem, the element 
i, of Q has exact order q, (cf. Proposition 1 below). Our main result in this paper is a 
converse of the Identity Theorem: 
Theorem 1. Let Q =(X; R). If the Q-module Nab has the structure given in the 
Identity Theorem above, then the presentation (X; R) is aspherical, and no element of 
R is conjugate to another or to its inverse. 
Note that if (X; R) is any presentation of a group Q, after possibly deleting 
redundant elements from R, we may suppose that no element of R is conjugate to 
another or to its inverse. 
The structure of Nab described in the Identity Theorem immediately gives rise to a 
nice small free resolution (cf. [4, p.381) of the integers over the group ring ZQ; this is 
quite standard and well known (see for example [9]). Now if A is any left Q-module, 
we may derive simple formulas for the cohomology groups of Q with coefficients in 
A. In order to state the result, for u E ZQ denote by “A the additive subgroup of all a 
such that ua = 0. Furthermore, (ar/ax)denotes as usual the matrixof Fox-derivatives 
([31> ]91). 
Theorem 2. Let Q = (X; R) be aspherical, with no element of R conjugate to another 
or to its inverse. If A is any left Q-module, then 
J~(Q,A)=~I?(c,,A) forkax 
R 
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Remark. This is an immediate generalization of Theorem 11.1 in [9]; in the special 
case of a Fuchsian group it has already been proved in [16]. 
As an application we shall show now that this has drastic consequences for the class 
of finite subgroups of an aspherical group. I am greatly indebted to Professor Serre 
who has shown to me that a straightforward classification of the finite subgroups of an 
aspherical group is obtained if one connects Theorem 2 with the following unpub- 
lished result of his: 
Theorem (Serre). Let G be a group and {Gi};,r a family of subgroups such that for 
q >qqo the canonical map H’(G, M)-, n H’(G,, M) is an isomorphism for every 
G-module M. If K is a finite subgroup of G, there is i E I, g E G such that K c gGig_’ 
and K n hGih-’ = {e} if j # i or if j = i and h & gGi. 
Since at the moment of writing no proof of this Theorem is to be found in the 
literature, I shall reproduce a proof in Section 3 below; I have been kindly allowed to 
do so by Professor Serre. 
Now let Q be an aspherical group. If we set G = Q, I = R, G, = C,, r E R, and 40 = 3 
(notations as above), the conditions of Serre’s Theorem are met; hence the only finite 
subgroups of Q are the obvious ones which are all cyclic of the expected order. That 
any finite subgroup of Q has to be cyclic also follows from the fact, that the 
cohomology of Q, beginning with dimension 3, has period 2; this has been pointed 
out to me by Miss 0. Talleli. Further, we clearly obtain a classification of the 
elements of finite order in Q. We state it as 
Theorem 3. Let Q be a group with aspherical presentation (X; R). If x is an element 
(in Q) oforder 1 <s <CO, there isa relatorr = z> with rootz,andan elementy E Qsuch 
that s(q, and x = y.?:y-‘, t = q,/s. Moreover, if also x = yf(,?r,)r’y’-’ with z,, the root of 
the relator r’ then r = r’, t = t’, and y’ E ye,. 
Corollary. If x E Q has finite order > 1, its centralizer in Q is a finite cyclic subgroup; 
more precisely, with the notations above, the centralizer of x is the cyclic subgroup 
generated by yi,y-‘. 
Theorem 3 applies for example to small cancellation groups where under the 
so-called non-metric conditions (see Section 2 below) the classification of elements 
of finite order had been an open question. However, as I have been informed by D. 
Johnson, parts of this classification have now been established in [ 1] by combinatorial 
group theory methods also. 
I would like to express my gratitude to Professor Serre, and to Professor K.W. 
Gruenberg, for his helpful comments. I also thank Ralph Strebel for valuable 
discussions. 
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2. Aspherical presentations and identities 
Let (X; R) be a presentation of a group Q. We first wish to determine, in case the 
Identity Theorem holds, the exact orders of the images i E Q of the roots z E F of the 
relators r = 2’. 
Proposition 1. If the relation module Nab is a direct sum of cyclic submodules 
generated by the cosets r[N, N], then the image Z c Q of the root z has exact 
order q. 
Proof. Since Nab is a direct sum of cyclic submodules, N/[N, F] is free Abelian, with 
a basis consisting of the elements [r], r E R ; here “[ 1” denotes the image in N/[N, F] 
under the canonical projection. Assume now that z is the root of a relator r E R. If 
i E Q has the exact order q’, [z*‘] E N/[N, F] may be expressed uniquely as a 
(reduced) word in the basis elements of N/[N, F]. But this implies that z*’ coincides 
with r = z*, whence q = q’. 
Let us recast now briefly some details of the concept of identities among relations 
of a given presentation (X; R) of a group Q (cf. 13; 111.10, p. 1561): Let ff be an 
abstract set in one-one correspondence with R (via i* r), and let fi be the free 
operator group on R with left operators from F. Then fi is freely generated by the set 
Y = F x I? the elements of which we denote by “?, FE 2, u E F, and there is an obvious 
6 
“evaluation” map 8: N ---, N, i.e. “i -+ uiu-‘. The elements of the kernel E of 8 are 
called identities among the relations of the given presentation. In order to take into 
account certain obvious identities among relations, one defines Peiff er elements of E 
of the following forms: those of the first kind are elements ab(8’b’-‘a)-‘b-1 or 
aba-‘(e’“)b)-l with a, b E Y, whereas those of the second kind are elements a6-l E E 
with again a, b E Y. The normal closure (in fi) of all these Peiffer elements is to be 
denoted by P. In the terminology of [13; 111.10, p. 1571 an identity 7r E E to be trivial 
means that a certain well defined reduction process (i.e. Peiffer transformations), 
leaving any identity within its coset mod P, carries 7~ into the zero element. Hence the 
set PO of trivial identities is contained in P. Inspection shows that PO is a normal 
subgroup of fi which contains all the Peiffer elements, whence PO = P, i.e. an identity 
to be trivia1 means precisely, that it is an element of P. 
The trivial identities are sometimes called Peiffer identities. We would like to 
emphasize, however, that in [17] (and in [18] also) only Peiffer elements of the first 
kind have been considered. 
Assume now that no element of R is conjugate to another or to its inverse. 
Inspection shows that in this case fi/Pfi’ (A’= [fi, A], the commutator subgroup) 
decomposes as a direct sum of Q-modules 
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by the rule 
where each summand ZQ(iP@‘) is Q-isomorphic to Z[Q/C,] (with-C, the cyclic 
subgroup of 0 generated by the image t; E Q of the root z, of the relator r E R). 
Now the Proposition 111.10.1 in [13, p. 1571 asserts that (X; R) is aspherical if and 
only if P = E. On the other hand, since 0 induces an isomorphism e/El@ -+ N/N’, 
we may conclude the 
Proposition 2. The Identity Theorem holds if and only if Efi’ = PI?<. 
Consequently, if the presentation (X; R) is aspherical, the Identity Theorem holds. 
We next want to prove Theorem. 1. In view of the above, we must show that 
Efi’= Pi?’ implies E = P which, in turn, may be seen as follows: 
Consider the group extension 
(where for the moment we do not assume that EI’@ equals Pfi’). It is central, since P 
contains the Peiffer elements of the first kind. Now N is a free group whence g/P 
splits into a direct product E/P x N. Consequently the intersection (g/P) n E/P has 
to be trivial or, equivalently, fl’n E c P. Hence Ek’= P$’ clearly implies E = P. 
This proves Theorem 1. 
We finally want to apply the above to small cancellation groups, i.e. groups Q with 
“symmetrized” presentations (X; R) (i.e. R is closed under the operations of taking 
inverses and cyclic transforms, cf. [13, p. 2401) which fulfil certain small cancellation 
hypotheses. London proved in [ 1 l] that, if the presentation (X; R) satisfies one of 
the three (so-called non-metric) conditions C(6), C(4) and T3, or C(3), Tj, TI; and Ts 
[ll, Section 41, [13; V.2, p. 2401, the r lation module Nab then splits into a direct 
sum of cyclic submodules in the obvious way. Although Lyndon does not determine 
the annihilators of the cyclic submodules, his proof does. In fact, his main argument 
(see the proof of Theorem III in [ 111) can be reformulated so as to yield the following 
result: 
Lemma ([ 111). Let a group Q be given by a symmetrized presentation (X; R) which 
fulfds one of the conditions C(6), C(4) and T3, or C(3), T3, TI; and Ts. ff w = 
PlP2 . * . pn is in [N, N], where each pi is a conjugate of some relator, then the factors pi 
fall into pairs pi and pj with pi = qp,ylq-l for some q in N (depending eta pi and pi). 
Now if (X; R) is a small cancellation presentation of a group Q, after deleting 
redundant elements from R we obtain a presentation (X; R,) of Q such that no 
element of R, is conjugate to another or to its inverse. Since Lyndon’s Lemma now 
asserts that E&’ = PZ@, in view of Proposition 2 and Theorem 1 we obtain. 
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Theorem 4. Any small cancellation group is aspherical. 
3. A proof of Serre’s Theorem 
Consider the G-set T =UG/Gi (disjoint union). If X is the kernel of the 
canonical map Z[ T] + Z, the hypothesis on the cohomology of (G, {Gi}) implies that 
for any G-module M the cohomology groups H’(G, Hom(X, M)) = ExtQX, M) 
vanish for 4 2qo. Hence X has finite G-projective dimension. This, of course, is 
inherited by subgroups: X has finite K-projective dimension for any subgroup 
K c G. Furthermore, as a K-set, T is a disjoint union of sets K/K,, where the K, are 
of the form K n gGig-’ with certain elements g E G; in fact, the K-orbit of the coset 
gGi E G/G; consists of the cosets kgGi, k E K (roughly speaking, it is the double coset 
KgGi), and the stabilizer of gGi is the subgroup K ngGig-‘. 
If K is finite, X has to be a projective K-module. Hence (K, {K&}) satisfies Wall’s 
Dl (Lemma 3 in [19]). From Corollary 1 of Proposition 8 in [19] we now infer that 
one and only one K, equals K and the rest are trivial. However, the following direct 
argument may be applied: Since K is finite, in the Tate cohomology we get an 
isomorphism l?(K, A)+ n I?‘(K,, A) for all i E Z, where A is an arbitrary K - 
module. Putting i = 0 and A = Z we conclude that the orders of the various 
non-trivial K,‘s are relatively prime, and if K,, Kh are two different such, for 
arbitrary K, K’ E K we have KK~K-I n K’K,, (K’)-’ = {e}. Moreover, only finitely many 
K, may be non-trivial, and at least one, K, say, is non-trivial. With A = Z[K/K,] we 
get 
fi’(K, A)=fi’(K,, E)= H/IK,IZ. 
On the other hand, 
fi’(K,, A) = fi*(K,, Z) 0 A*(K,, Z[S]) 
with S = K/KY\{KY} (i.e. the set of all cosets except KY). We claim that S = 0 or E[S] is 
a free K,-module. For if S # 0, a coset KK,, K E K, K ~5 K,, has stabilizer KK”K-~, and 
L=K,QKK,,K-1 is the stabilizer of KK, under the KU-action. If S’ denotes the 
K,-orbit of KK,, 
fi*(K,, Z[S’])=@‘(L, Z)=Z/(LIZ. 
Hence L is trivial, for otherwise the map f?*(K, Z[K/K,])-+ n &‘(K,, Z[K/K,]) 
would fail to be an isomorphism. Consequently E[S] is a free K,-module, or 
equivalently, if KK, and K’K, are two different cosets with stabilizers KK,K-I and 
K’&(K))-‘, we have KK,K-I n K’K,(K’)-’ ={e}. Hence K is a Frobenius group, i.e. 
K = M ] K,, with M uniquely determined (“Frobenius kernel”, cf. [7]). Now if also 
Kh # K, were non-trivial, K would split with respect to Kh in the same way. Since the 
Frobenius kernel is unique, one and only one K, equals K and the rest are trivial. 
Consequently there is i E 1, g E G such that K n gGig_’ = K, i.e. K c gGig_‘, and 
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K n hGjh_’ = {e} if j # i or if j = i and h g KgGi. Since K c gGig-‘, KgGi = gGi, and 
we are done. 
Note added in proof 
It turned out that the notion of asphericity used in the book of Lyndon and Schupp 
is a priori stronger than ours (i.e. (X; R) aspherical if and only if P = E). This does, of 
course, not affect our results, as we always work with “P = E”. Lyndon and Schupp 
do not admit the reverse operation of a Peiffer transformation of the second kind 
whereas in order to obtain a description equivalent to “P=E” one is obliged to 
admit that operation. At present it is not known if the two notions of asphericity do 
really differ. 
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